Given a real Banach space X and probability space (Ω, Σ, µ) we characterize the countable additivity of Henstock-Dunford integral for Henstock integrable function taking values in X as those weakly measurable function g : Ω → X for which {y * g : y * ∈ B * X } is relatively weakly compact in some separable Orlicz space L φ (µ). We find relatively weakly compact in some Orlicz space with Henstock-Gel'fand integral.
Introduction and Preliminaries
During 1957-1958, R. Henstock and J. Kurzweil independently gave a Riemann type integral called Henstock-Kurzweil integral (or Henstock integral). The Dunford, Pettis, Gel'fand integrals are generalizations of the lebesgue integral to Banach valued function. Let I 0 be a compact interval in R m (or R 1 ) and E ⊂ R m (or R) a measurable subset of I 0 . µ(E) stands for the Lebesgue measure. The Lebesgue integral of a function g over set E will denoted by L E g. X is a real Banach space with norm ||.|| and X * is its dual.
B * X = {y * ∈ X : ||y * || ≤ 1} is the closed unit ball in X * . Henstock integral (see [10] ) is a kind of non absolute integral and contain Lebesgue integral. It has been proved that this integral is equivalent to the special Denjoy integral. In [11] Gordon gave two Denjoy-type extensions of the Dunford and Pettis integrals, the Denjoy-Dunford and Denjoy-Pettis integrals, and discuss their properties. In [10] authors discussed the relationship between Henstock-Dunford and Henstock-Pettis integral. The de la Vallee-Poussin theorem (VPT) Date: October 2, 2019. * The corresponding author. is use in [4] to localization of uniformly integrable subset of scalar integrable function with respect to a vector measure 'm' in a suitable Orlicz space. Also one can see [1] for de la Vallee-Poussin theorem and Orlicz spaces. In [2] author characterized the countable additivity of the Dunford integral of vector functions and also they characterize those strongly measurable vector function that are Pettis integrable through the compactness of certain set of scalar function in a certain Orlicz space. In this paper with the help of VPT ( [15] , Theorem 2. p3) and Dunford Pettis theorem, we find countable additivity of Henstock-Dunford integral of Henstock integrable function taking values in X as those weakly measurable function g : [a, b] → X for which {y * g : y * ∈ B * X } is relatively weakly compact in some separable Orlicz space L φ (.). Also we execute necessary condition of Henstock-Gel'fand in terms of relatively weakly in L φ (.) Lastly we find {y * g : y * ∈ B * X } relatively weakly compact in some separable Orlicz space L φ (.) of weakly Henstock integrable function. The intervals I and J are non overlapping if int(I)∩int(J) = φ, where int(I), int(J) is interior of I and J, respectively. Now we recall some definitions and notions used in [12] . Let P be a partition of the interval [a, b] with P = a = y 0 < y 1 < y 2 ... < y n = b. A tagged partition (P, (v k ) n k=1 is a partition which has selected points a k in each subinterval [y k−1 , y k ]. The Riemann sum using the tagged partition can be written
For example of δ(y)-fine tagged P partition. Consider the interval [0, 1] and δ 1 (y) = 1 8 , we will find a δ 1 (y) fine tagged partition on [0, 1]. For the choice of tag, δ 1 (v k ) = 1 8 any tagged partition (P, (v k ) n k=1 ) in which y k − y k−1 < 1 8 is a δ 1 (y) fine tagged partition. Consider the following partition, choosing each tag from every interval to be any number in that interval: m([0, 1 9 [7] of his Denjoy-Dunford and Denjoy-Pettis integral. Also we refer [6, 9, 13, 17] for the reader related to this areas. We write y * * I 0 = HD 
For every sequence (p n ) of Henstock integrable partition of [a, b] adapted to (δ n ) and
Definition 1.6. A weakly measurable function g : [a, b] → X is said to be determined by a weakly compact generated (W CG) subspace of X , if there is a weakly compact generated subspace D of X whose linear span is dense in X . 
for large values of x and y.
We recall the following results: We claim that each of the set A n m is closed. Let y be a limit point of A n m and let {y k } be a sequence in A n m that converges to y. This gives y ∈ A n m and so, A n m is closed. By the Baire Category Theorem there exist M, N, x 0 and ρ > 0 such that {y : ||y − x 0 || ≤ ρ} ⊂ A N M . For each y ∈ X with ||y|| = 0, we find
Therefore for each y ∈ X , the function yg is Lebesgue integrable on E ∩ I N .
Therefore g is Gel'fand on E ∩ I N and consequently g is Gel'fand on E. Then by the theorem of condensation of singularities ( [11] , p81) implies that there exists x 0 ∈ X such that n Jm∩Kn 
on which g is Gel'fand integrable. So, that if (I n ) is an enumeration of the intervals neighboring to S 1 in (c 1 , d 1 ). Then the series n yg is absolutely convergent for every y ∈ X . It is enough to show g must be Denjoy-Gel'fand on (c 1 , d 1 ).
As (c 1 , d 1 ) meets S, it will contradict the definition of S. Let J be an interval in [c 1 , d 1 ] and let y ∈ X . Since g is Gel'fand integrable on S 1 , therefore yg is Lebesgue and hence Denjoy integrable on S 1 On the other hand, the sequence (I n ∩ J) n in which if non empty is an enumeration of the intervals neighboring to S ∩ J in J. And with the execution of almost two intervals, for all non empty I n ∩ J ′ s we have I n ∩ J = I n . So, neglecting of at most two terms of the sequence ( In∩J yg n ). We can say n In∩d yg is a sub series of n In yg n and so, it is absolutely convergent. For each equi-continuous K ⊂ X * , the set {y * g : y * ∈ K} is relatively weakly compact in L 1 (µ). Hence {y * g : y * ∈ B * X } is relatively weakly compact in L 1 (µ). Also [4] gives {y * g : y * ∈ B * X } is uniformly integrable in L 1 (µ). Hence {y * g : y * ∈ B * X } is uniformly integrable on that portion and consequently, there is an N-functionφ with ∆ ′ such that {y * g : y * ∈ B * X } is relatively compact in Lφ(µ). Conversely, Suppose g is strong measurable and there is an N-functionφ with ∆ ′ such that {y * g : y * ∈ B * X } is relatively compact in Lφ(µ). Since g is strongly measurable, it has range weakly compactly generated determined. As Lφ(µ) ⊂ L 1 (µ) (see [4] ). So {y * g : y * ∈ B * X } is a bounded subset of Lφ(µ). As D 0 = {y * g : y * ∈ B * X } is weakly compactly generated and g is strongly measurable, So, for each y * ∈ X * , there exists a sequence (γ) ∞ n=1 of D 0 -valued simple function such that y * g = lim y * γ n µ-a.e. So, g is Pettis integrable with X contains no copy of c 0 Thus g is Henstrock-Pettis integrable with X contains no copy of c 0 Corollary 3.4. Let g : [a, b] → X be Henstock-Dunford. If p > 1 such that {y * g : y * ∈ B * X } is bounded in L p (µ), then g is countably additive. Proof. For a real Banach space X contains no copy of c 0 , if g : [a, b] → X is wH-integrable function on [a, b] then {y * g : y * ∈ B * X } is uniformly integrable in L 1 (µ). Theorem 1.1 gives {y * g : y * ∈ B * X } is relatively weakly compact in certain separable Orlicz space Lφ(µ). As X is reflective, it is true for {y * g : y * ∈ B * X }. 
Henstock-Dunford Integral and Orlicz Space
γ(E 1 ∪ E 2 ) = HD E 1 ∪E 2 g = H E 1 ∪E 2 y * g = H E 1 y * g + H E 2 y * g = γ(E 1 ) + γ(E 2 ) And γ ∞ n=1 E n = HD ∪ ∞ n=1 En g = H ∪ ∞ n=1 En y * g = ∞ n=1 γ(E n ) in
